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============

A primary way to probe the collective mode spectrum of a many-body system is by measuring the response functions of its macroscopic observables such as its density, or, in the case of a condensed system, its order parameter. These response functions can be measured by driving the system at a given wavenumber $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$. In the theoretical case where the collective mode is undamped, one expects a infinitely narrow resonance (a Dirac peak) when $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ coincides with the collective mode frequency $\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{{\bf{q}}}$$\end{document}$. However, in most systems, collective modes are coupled to one or several continua of excitations, for example by intrinsic couplings to other elementary excitations. The system response in this case is less abrupt: the response functions are nonzero at all frequencies $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ belonging to the continuum and the Dirac peak of the collective mode is replaced, in the favorable cases, by a broadened resonance. Theoretically, this damped resonance can be related to the existence of a pole in the analytic continuation of the response functions through their branch cuts associated to the continua^[@CR1]--[@CR3]^. Eventually, if the coupling to the continuum is very strong, the resonance may entirely disappear, such that only a slowly varying response remains visible inside the continuum.

Superfluid Fermi gases, which one can form by cooling down fermionic atoms prepared in two internal states $\documentclass[12pt]{minimal}
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                \begin{document}$$\uparrow /\downarrow $$\end{document}$^[@CR4]--[@CR13]^, offer a striking example of this fundamental many-body phenomenon. This system of condensed pairs of $\documentclass[12pt]{minimal}
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                \begin{document}$$\uparrow /\downarrow $$\end{document}$ fermions is described by 3 collective fields: the total density $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ of particles and the phase and modulus of the order-parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$. In the general case, the fluctuations of those 3 fields are coupled and the collective modes have components on all of them. The system has also fermionic quasiparticles describing the breaking of pairs into unpaired fermions^[@CR14]--[@CR17]^, and two fermionic continua of quasiparticle biexcitations: a gapped quasiparticle-quasiparticle continuum and a gapless quasiparticle-quasihole continuum (to which the collective modes are coupled only at nonzero temperature). Since the coupling to these continua is not small in general, the collective mode spectrum can be obtained only after nonperturbative analytic continuations^[@CR18]--[@CR21]^. Performing an analytic continuation to study collective modes coupled to a continuum is a powerful heuristic tool: it is indispensable to interpret the shape of the response functions in terms of collective phenomena and to define precisely the spectrum of the collective branches. However, the poles found in the analytic continuation are not directly observable and one should always relate them to resonances which experiments can measure in the response functions.

Meanwhile, the experimental study of the collective modes of a superfluid Fermi gas is a very active field of research^[@CR8],[@CR13],[@CR22]^, with a recent focus on the high-energy collective modes^[@CR23]^ (at $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ larger than the quasiparticle-quasiparticle continuum threshold at 2Δ) where a branch with quadratic dispersion^[@CR19],[@CR20]^ is expected, reminiscent of the Higgs modes in high-energy physics^[@CR24]^, superconductors^[@CR25]--[@CR30]^, superfluid fermionic Helium^[@CR31]^ and nuclear matter^[@CR32],[@CR33]^. This motivates us to discuss the observability, in the order-parameter and density response functions, of the collective modes (called Popov-Andrianov modes hereafter) predicted by refs. ^[@CR19],[@CR20],[@CR34]^ based on the analytic structure of the functions continuated to imaginary frequencies. There are two major obstacles^[@CR24],[@CR28],[@CR35]^ to the observation of the Popov-Andrianov-"Higgs" resonance in a conventional fermionic condensate. (*i*) So far the resonance has been clearly identified only in the modulus-modulus response function, whereas experiments (both in superconductors^[@CR24]^ and ultracold Fermi gases^[@CR13],[@CR22]^) usually excite or measure the density of the fermions. (*ii*) In a conventional fermionic condensate, where the resonance energy is above $\documentclass[12pt]{minimal}
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                \begin{document}$$2\Delta $$\end{document}$ and the resonance broadened by its coupling to the pair-breaking continuum, it is generally not known whether a quality factor and spectral weight large enough to allow for an observation can be reached. Most studies then look for situations where the damping by the continuum is absent, as in Charged-Density-Wave superconductors^[@CR25],[@CR27]--[@CR30]^, inhomogeneous systems^[@CR36]^ or superfluids in unconventional lattice geometries^[@CR35]^. Here, we show that the resonance is observable in the density-density and density-modulus response functions at strong coupling even in a conventional fermionic condensate. In those density responses, the spectral weights of the resonance tends to zero with the wavevector $\documentclass[12pt]{minimal}
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                \begin{document}$$q$$\end{document}$ increases. Nevertheless we could identify an intermediary regime ($\documentclass[12pt]{minimal}
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                \begin{document}$$q\approx \sqrt{2m\mu }$$\end{document}$ at unitarity) where the resonance, and the characteristic quadratic dependence on $\documentclass[12pt]{minimal}
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                \begin{document}$$q$$\end{document}$ of its peak frequency, should be resolvable from the continuum background in an ultracold Fermi gas.

We study the response functions in Anderson's Random Phase Approximation (RPA)^[@CR37]^. We use the formulation of ref. ^[@CR38]^ in terms of bilinear quasiparticle operators that we generalize to nonzero temperature and to the presence of external drive fields. The RPA captures the coupling of the collective modes to the two fermionic continua (and the corresponding broadening of the resonances in the response functions) but neglects other couplings, in particular to the continua of two^[@CR39]^, three^[@CR40],[@CR41]^ or more collective excitations. We show that in this approximation, the density fluctuations are sensitive to the fluctuations of Δ, so that both modulus and phase collective modes are visible in the density response, but that the converse is not true. We give explicit expressions of each element of the response function matrix^[@CR1],[@CR42]--[@CR44]^, and show that they agree with path-integral based treatments^[@CR21],[@CR45]^.

As the spectrum and response-function signatures of the low-energy collective modes is known in the RPA at zero^[@CR37],[@CR46],[@CR47]^, nonzero temperature^[@CR38],[@CR48]^ and near the critical temperature $\documentclass[12pt]{minimal}
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                \begin{document}$${T}_{c}$$\end{document}$^[@CR19],[@CR21],[@CR49]^, we concentrate here on the high-energy ($\documentclass[12pt]{minimal}
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                \begin{document}$$\omega  > 2\Delta $$\end{document}$) modes. At zero temperature, we show that the resonance of the Popov-Andrianov-"Higgs" mode is visible not only in the modulus-modulus response^[@CR20]^ but also as a global extremum (in the region $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega  > 2\Delta $$\end{document}$) in the modulus-phase and modulus-density responses, and as a local extremum in the density-density response at strong coupling. As suggested by the analytic structure found in ref. ^[@CR34]^, we show that the branch remains observable at large $\documentclass[12pt]{minimal}
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                \begin{document}$$q\approx \sqrt{2m\mu }$$\end{document}$ in the weak-coupling limit $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta \ll \mu $$\end{document}$) with a quality factor below, but not much below unity.

At nonzero temperature, where the RPA captures the thermal population of the fermionic quasiparticle branches (and only of those branches) and describes the collective modes in the collisionless approximation, we show that the Popov-Andrianov resonance is not destroyed by the presence of thermally excited fermionic quasiparticles. On the contrary, the increase of temperature (which reduces Δ) favours the observability of the resonance in the density response functions by increasing the resonance spectral weight. The shape of the resonance is weakly affected by temperature, and for the order-parameter responses this shape is actually the same as at zero temperature for a slightly different interaction strength. Close to the critical temperature $\documentclass[12pt]{minimal}
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                \begin{document}$${T}_{c}$$\end{document}$, we show that collective mode in the pair-breaking continuum branch is not hidden by the low-velocity phononic branch^[@CR21]^ as long as $\documentclass[12pt]{minimal}
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                \begin{document}$${\hslash }^{2}{q}^{2}/m\lesssim {\Delta }^{2}/\mu $$\end{document}$. This is in contrast with the Anderson-Bogoliubov branch, which disappears near $\documentclass[12pt]{minimal}
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                \begin{document}$${T}_{c}$$\end{document}$ according to the RPA.

Altogether our findings confirm the observability of the Popov-Andrianov-"Higgs" branch, which appears, after our study, as the strongest feature of the high-energy phenomenology of pair-condensed Fermi gases. It is observable in wide ranges of values of the interaction strength, exciting wavevector and temperature, and it is only weakly affected by the singularities caused in the response functions by the structure changes of the fermionic continuum. We are then optimistic about its observability, especially if the experiments can access one of the modulus response functions (modulus-modulus, modulus-phase or modulus-density). The modulus of the order-parameter can be excited by a Feshbach modulation of the scattering length^[@CR20],[@CR50]^, after which the modulus-density response can be measured by absorption images as in refs. ^[@CR13],[@CR22]^. Alternatively the density can be excited by a Bragg pulse^[@CR13]^ or by shaking the confinement walls^[@CR22]^, and the order-parameter modulus measured after a bosonization of the Cooper pairs. In the density-density response, it would be interesting to see if the peak observed in^[@CR13]^ above 2Δ has the characteristic behavior of the Popov-Andrianov-"Higgs" mode, that is, a quadratic dependence on $\documentclass[12pt]{minimal}
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BCS Theory At Nonzero Temperature {#Sec2}
=================================

To derive the matrix of linear response functions, we use the formalism of ref. ^[@CR38]^, itself based on the RPA approach of Anderson^[@CR37]^, and we generalize it to the presence of pairing and density exciting fields. We start by briefly recalling the formalism of BCS theory at nonzero temperature. In real and momentum space, the Hamiltonian of an isolated gas of fermions in two internal states $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{array}{l}\hat{H}={l}^{3}\,\sum _{{\bf{r}},\sigma =\uparrow /\downarrow }\,{\hat{\psi }}_{\sigma }^{\dagger }({\bf{r}})\left(\,-\frac{1}{2m}{\Delta }_{{\bf{r}}}-\mu \right){\hat{\psi }}_{\sigma }({\bf{r}})+\,{g}_{0}{l}^{3}\,\sum _{{\bf{r}}}\,{\hat{\psi }}_{\uparrow }^{\dagger }({\bf{r}}){\hat{\psi }}_{\downarrow }^{\dagger }({\bf{r}}){\hat{\psi }}_{\downarrow }({\bf{r}}){\hat{\psi }}_{\uparrow }({\bf{r}})\end{array}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$=\sum \,_{{\bf{k}}\in {\mathcal{D}},\sigma =\uparrow /\downarrow }\,\left(\frac{{k}^{2}}{2m}-\mu \right){\hat{a}}_{{\bf{k}}\sigma }^{\dagger }{\hat{a}}_{{\bf{k}}\sigma }+\frac{{g}_{0}}{V}\,\sum _{{\bf{k}},{\bf{k}}{\prime} ,{\bf{q}}\in {\mathcal{D}}}\,{\hat{a}}_{{\bf{k}}{\prime} \uparrow }^{\dagger }{\hat{a}}_{-{\bf{k}}{\prime} -{\bf{q}}\downarrow }^{\dagger }{\hat{a}}_{-{\bf{k}}-{\bf{q}}\downarrow }{\hat{a}}_{{\bf{k}}\uparrow }\mathrm{}.$$\end{document}$$

We use from now on the convention $\documentclass[12pt]{minimal}
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                \begin{document}$$\hslash ={k}_{{\rm{B}}}=1$$\end{document}$. To introduce a momentum cutoff in a natural way, we discretize space into a cubic lattice of step $\documentclass[12pt]{minimal}
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                \begin{document}$$l$$\end{document}$ and impose periodic boundary conditions (in a volume $\documentclass[12pt]{minimal}
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                \begin{document}$$V={L}^{3}$$\end{document}$), which restrict the values of the wavevectors to $\documentclass[12pt]{minimal}
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At the end of the calculation we take the lattice spacing $\documentclass[12pt]{minimal}
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                \begin{document}$$0$$\end{document}$ to compensate the divergence of the integral on the right-hand-side of ([3](#Equ3){ref-type=""}).

BCS theory describes the equilibrium state at temperature $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta ={g}_{0}{\langle {\hat{\psi }}_{\uparrow }^{\dagger }({\bf{r}}){\hat{\psi }}_{\downarrow }^{\dagger }({\bf{r}})\rangle }_{T}\mathrm{}.$$\end{document}$$
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                \begin{document}$${\langle \ldots \rangle }_{T}$$\end{document}$ denotes the average in the thermal state $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{\rho }}_{{\rm{BCS}}}(T)$$\end{document}$. This quadratic Hamiltonian can be diagonalized easily into a Hamiltonian describing fermionic elementary excitations on top of a ground state energy $\documentclass[12pt]{minimal}
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Here the eigenenergy of a fermionic excitation is$$\documentclass[12pt]{minimal}
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The fermionic quasiparticle operators $\documentclass[12pt]{minimal}
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The difference with the zero temperature case lies in the average values of the bilinear operators:$$\documentclass[12pt]{minimal}
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This thermal population of the quasiparticle modes also affect the gap equation:$$\documentclass[12pt]{minimal}
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Thus, at nonzero temperature, BCS theory captures the effects due to the thermally excited fermionic quasiparticles (the broken pairs); it completely neglects that there are also thermally excited collective modes (some of which are gapless) which is a serious limitation, particularly at strong coupling.

RPA Equations of Motion in Presence of Drive Fields {#Sec3}
===================================================

To study the linear response of the gas, we introduce, on top of the Hamiltonian ([2](#Equ2){ref-type=""}) of the isolated gas, a quadratic Hamiltonian describing the experimental driving of the system:$$\documentclass[12pt]{minimal}
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We use here a symmetrized version of Anderson's notations^[@CR37]^ for the bilinear fermion operators (see also chapter V. in ref. ^[@CR51]^),$$\documentclass[12pt]{minimal}
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In the framework of linear response theory, we seek the response of the system to first order in the fields $\documentclass[12pt]{minimal}
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Note that one recovers the zero temperature system Eqs. ([14](#Equ14){ref-type=""}--[16](#Equ16){ref-type=""}) of ref. ^[@CR38]^ by setting $\documentclass[12pt]{minimal}
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Linear Response to a Periodic Drive {#Sec4}
===================================

Matrix of response functions of a driven system {#Sec5}
-----------------------------------------------

We now assume that the system is driven at a fixed frequency $\documentclass[12pt]{minimal}
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Eigenenergies of the collective modes {#Sec6}
-------------------------------------
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Explicit expressions of the response functions in the limit *g*~0~ → 0 {#Sec7}
----------------------------------------------------------------------
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Physically this means that the collective mode spectrum is entirely determined by the (modulus and phase) fluctuations of the order-parameter. However, the density responses may exhibit collective mode resonances as a result of the density-order parameter couplings. Using the equivalences ([41](#Equ41){ref-type=""}) to compute the matrix product in $\documentclass[12pt]{minimal}
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Long Wavelength Limit {#Sec9}
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General case {#Sec10}
------------
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Note that the quasiparticle-quasihole integrals ([38](#Equ38){ref-type=""}) have been negligible in deriving expressions ([51](#Equ51){ref-type=""}--[53](#Equ53){ref-type=""}).

To find a root of the collective mode Eq. ([40](#Equ40){ref-type=""}), one analytically continues $\documentclass[12pt]{minimal}
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At zero temperature, this equation was derived in ref. ^[@CR19]^ in the weak-coupling limit and ref. ^[@CR20]^ in the general case. In this low-*q* limit, the only dependence on temperature is through the $\documentclass[12pt]{minimal}
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Close to the phase transition {#Sec11}
-----------------------------
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The RPA also assumes an infinite fermionic quasiparticle lifetime and thus describes the collective modes and their damping by the fermionic continua in the collisionless approximation.
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Thus, the response functions have exactly the same shape (they coincide up to a proportionality factor) near $\documentclass[12pt]{minimal}
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Density matrix elements in the long wavelength limit {#Sec12}
----------------------------------------------------
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Coexistence with the phononic collective modes near *T*~*c*~ {#Sec13}
------------------------------------------------------------
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Experimental protocol {#Sec14}
---------------------

Our results suggest a very simple experimental protocol to observe the resonance: using a Bragg spectroscopic measurement as in ref. ^[@CR13]^, one should observe that the first extremum above 2Δ varies quadratically (both in location and width) with $\documentclass[12pt]{minimal}
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Alternatively, the resonance could be observed through the modulus-density response function $\documentclass[12pt]{minimal}
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At Shorter Wavelengths {#Sec15}
======================

Outside the long wavelength limit, that is $\documentclass[12pt]{minimal}
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At zero temperature {#Sec16}
-------------------

### Weak-coupling regime {#Sec17}

On the left panel of Fig. [4](#Fig4){ref-type="fig"}, we show the modulus-modulus response at relatively weak-coupling ($\documentclass[12pt]{minimal}
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### Strong-coupling regime {#Sec18}
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### In the BEC regime {#Sec19}

In the BEC regime (that is for us when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu  < 0$$\end{document}$), the lower-edge of the pair-breaking continuum is no longer flat at low $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q$$\end{document}$, but increases quadratically with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q$$\end{document}$. Although a pole can be found in the analytic continuation through the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[{\omega }_{3},+{\rm{\infty }}[$$\end{document}$ (the only one available when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu  < 0$$\end{document}$), its real part always stays below $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\omega }_{3}$$\end{document}$, such that no smooth peak appears in the response function. Instead there is only a sharp feature pinned at the lower-edge of the continuum. Figure [6](#Fig6){ref-type="fig"}, shows the example of the modulus-modulus response function (the other responses have a similar behavior) at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu /\Delta =-\,1$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{1/}{k}_{F}a\simeq 1.3$$\end{document}$). This sharp feature can hardly be interpreted as a collective mode and only reflects the incoherent response of the fermionic continuum when the pairs are tightly bound.Figure 6The modulus-modulus response function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\chi }_{22}$$\end{document}$ in the BEC regime ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu /\Delta =-\,1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{1/}{k}_{{\rm{F}}}a\simeq 1.3$$\end{document}$) is shown in colors as a function of the wavevector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q$$\end{document}$ and drive frequency $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$. The lower edge of the continuum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\omega }_{3}=2\sqrt{{({\hslash }^{2}{q}^{2}/8m+|\mu |)}^{2}+{\Delta }^{2}}$$\end{document}$ is shown as a white solid line.
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Conclusion {#Sec21}
==========

We have computed the response function matrix of a superfluid Fermi gas in the Random Phase Approximation at nonzero temperature, and used it to study the observability of the order-parameter collective modes. We have shown that the appearance of a resonance inside the pair-breaking continuum associated to the Popov-Andrianov-"Higgs" mode is a very robust phenomenon which concerns not only the modulus-modulus response function but also the modulus-density and density-density responses, which are easier to measure. At weak-coupling the resonance is observable at all values of the wavevector $\documentclass[12pt]{minimal}
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Appendix A: Derivation of the equations of motion {#Sec22}
=================================================

We give here a few additional steps leading to the equations of motion ([22](#Equ22){ref-type=""}--[25](#Equ25){ref-type=""}). In the particle basis, the equations of motion take the form:$$\documentclass[12pt]{minimal}
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We resum this system to form the collective quantities ([26](#Equ26){ref-type=""}--[29](#Equ29){ref-type=""}) and derive the 4 × 4 linear system ([30](#Equ30){ref-type=""}).

Appendix B: Numerical calculation of the response functions {#Sec23}
===========================================================
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